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Abstract—An upper displacement bound is presented for thermal loading problems that allows
energy to be dissipated as a result of the cyclic variation of strain in parts of the structure. Use
of the bound requires a knowledge of the thermo-elastic stress distribution resulting from the
cycle of temperature and arbitrary stress fields that are in equilibrium with the primary load
and a dummy load applied in the direction of the required displacement rate. Certain limitations
are imposed on the choice of equilibrium stress fields and, as a result, the bound can only be

applied to a limited range of problems. Situations for which the bound can and cannot be used
are examined.

The bound is used to obtain a solution for the plate problem originally analysed by Bree

[10). The results are compared with the calculations of O'Donnell and Porowski [11] who adopt
a different material model.

1. INTRODUCTION

In an accompanying paper [1] upper bounds on the deformation rate were derived for
structures subjected to low levels of thermal loading for a material that deformed ac-
cording to the Bailey-Orowan theory of creep [2]. This material model was chosen as
opposed to a non-linear viscous model because it gave the more severe structural
behaviour under cyclic loading conditions. Tests on simple two bar structures of Copper
[3] and 316SS [4] also indicate that the recovery model gives the better prediction of
experimental results. In these experiments the stresses remained tensile throughout
the duration of the tests and the effects of reverse cycling were not investigated.

When a structure is subjected to high levels of thermal loading reversed plastic
straining occurs in parts of it. Material behaviour under reversed loading conditions
has received a lot of attention over the past few years [5], but no unified material model
that lends itself to simplified analysis has yet emerged. With the present state of knowl-
edge it seems pertinent to use the material model that predicts the most severe response
of the structure when designing a structural component.

Ponter (6] has examined the problem of thermal loading in the absence of creep.
His conclusions are best illustrated by considering the two bar structure of Fig. 1. The
two bars are constrained to deform axially by the same amount under the influence of
a constant load P whilst the temperature of the thicker bar is oscillated between 0
and 6, and that of the thinner bar is oscillated between 6,,;, and 8, + A8. Under this
thermal loading the maximum thermo-elastic stress occurs in the thinner bar at the
temperature 6, + A0. It is

o, = $Ea .

Figure 2 shows the shakedown and ratchet boundaries for an elastic-perfectly plastic
material and a material model that allows complete isotropic hardening in parts of the
structure that suffer large variations of thermal stresses, in this instance the thinner
bar. For higher levels of thermal loading the isotropic hardening model gives the most
conservative estimate of the ratchet boundary. The boundary found from a set of ex-
periments on a two bar structure of copper [6] falls between those predicted by the
two material models, thus demonstrating that the assumption of perfectly plastic be-
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Fig. 1. Two bar structure subjected to a constant load P and cyclic variation of temperature.

haviour can be nonconservative. This may seem a rather surprising result since it is
often assumed in structural analysis that it is safe to ignore the effects of hardening.
The reason for this anomaly is that in thermal loading problems the assumption of
perfect plasticity means that the range of stress is limited to 20, (twice the yield stress)
in regions of the structure that suffer large thermal strains. Because of equilibrium
considerations the effect of this is to also limit the range of stress in the remainder of
the structure, and as a result a larger primary load can be carried before yield is violated.

In (1} the same two bar structure was analysed for a material that suffers creep.
Four different material models were considered:

(a) Non-linear viscous material.

(b) Non-linear viscous/perfectly plastic material.

(c) Isotropic hardening/recovery model.

(d) Isotropic hardening/recovery model with limiting yield surface.
For simplicity the following assumptions concerning the rate of loading and material
properties were also made:

(i) Rapid cycling. That is when the cycle time is small compared with characteristic
material times [7].
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Fig. 2. Shakedown boundaries for two bar structure of Fig. 1. The thin lines represent contours
of IR _ 0.5 for: (a) non-linear viscous material model; (b) non-linear viscous/perfectly plastic
a
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material model; (c) recovery model; (d) recovery mode! with limiting yield stress.
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(ii) Omin is outside of the creep range.
(iii) The creep properties over to temperature range 6, to 8, + A6 are independent
of temperature and can be expressed in the form

<= (i‘—) (1)
€g 0o

where € is the strain rate at a constant stress oy.

The constant uniaxial stress that leads to a strain rate equal to that experienced by
the two bars is defined as the reference stress, oz. Contours of constant reference
stress predicted by the four material models are shown in Fig. 2. The combination of
cyclic hardening and recovery of the flow stress during the high temperature part of
the cycle leads to the most severe result. It is this material model that will be analysed
in detail in the present paper.

The upper bound used in [ 1] ceases to be of any practical use when reversed plastic
straining takes place in the structure. This is because the bound is presented in terms
of total energy dissipated, and no distinction is made between the energy that is dis-
sipated as a result of reversed straining and that which is dissipated as a result of the
net deformation of an element of material. In the next section an alternative, yet more
restrictive, bound is derived that takes into account cyclic straining. The restriction
lies in the fact that it is only a bound on the rapid cycle solution [8] and it can only be
applied to certain types of thermal loading problems. As in all bounds based on energy
dissipation only the overall deformation of the structure is bounded. It happens that
for situations where it cannot be used the design problem is not one of global defor-
mation but one of localised strain accumulation. For conditions of rapid cycling a lower
bound can be found to the rate of accumuiation of strain at any point in the structure.

2. STRUCTURAL BEHAVIOUR FOR HIGH LEVELS OF THERMAL LOADING

The response of a material element to any loading situation was discussed in [1] and
[2] for the recovery model. Under rapid cycle conditions an element of material creeps
at a rate determined by the maximum value of the effective stress, ¢, experienced
during the cycle.

& = é—‘,’, e 22 ﬁ,l expl[y(® — 8o)] dv 2)

To doy

where 1 = T t is the time into the cycle and ¢, is the cycle time. The quantity v is

¢

defined as

- AH
Y = Rez
where A H is the activation energy for creep, R is the universal gas constant and 6, is
a reference temperature.

Here we are going to examine structural situations where the thermal loading is
cycied between two prescribed limits. Then if ¢ is the same at both ends of the cycle
the overall strain rate is

. . 1 9 d
& = 5,,% ¢" {L exp[y(6 — 69)] d'f} . [nf(!.i +(0-m é] 3)

where o), and o7 are the stresses at the two ends of the cycle and n takes a value
between 0 and 1. v is not related to the cycle time but is determined from the com-
patibility requirement of the entire structure [9].
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When considering the possibility of reversed plastic straining it proves advantageous
to write the stress at a point in the form

Ag

O’U~‘=Uﬁi7 4)

Al

where o is the stress distribution in equilibrium with the primary load P; and AG? is
the range of thermo-elastic stress at that point. Choosing an equilibrium stress field,

* * *
o = of + oy’ (5

where o} is a stress field in equilibrium with P; and o7 is in equilibrium with a dummy
load T; applied in the direction of the required displacement rate, such that

oy - A6 =0 (6)

in a volume VF of the structure, it is shown in the Appendix that the deformation rate
is bounded by

o ntl n x  AG) ' ove—t0
Lriﬂu,dS$nUg {f: max [n+ 1 (0'3 + 2 )} [L ] dr | dV
n-r f_ M x A 2 * ST
Vz-d) (n+10 )d) <n+l )[fo e dv | aV 7

for a von Mises material under rapid cycle loading conditions. V is that volume of
. n AéG .
the structure remaining after V/ has been removed. ¢max [»——-—-—- (o* )] is

n+1\Y 7T 2
‘ n_ (., A& « _ A&Y
the maximum value out (}fd;[—--"---y2+ 7 (Ua+ 2) dd’[ T (“ 3 )]

In the Appendix it is shown that the bound is only valid if the stress field c§ is

n AGY .. . .
chosen such that ¢ (n T o + 5 ") has the minimum possible value in the volume

V. It is not always possible to find a stress distribution that satisfies this condition
and is also in equilibrium with P; and T;. This puts a limitation to the range of problems
for which the bound can be employed.

Ponter [6] has identified two categories of structural behaviour below the creep range.
The difference between the two types of behaviour lies in the ability of a structure to
redistribute stress. In category A structures the primary load can be completely shed
from regions that suffer large cyclic thermal stresses. These regions then experience
reversed cyclic plastic strains and the structure can shakedown plastically. This type
of behaviour is evidenced by the existence of a reversed plasticity region on the Bree
diagram.

If from general equilibrium considerations components of the applied load must be
transmitted through the volume of material that suffers large cyclic thermal stresses
then no reversed plasticity region exists on the Bree diagram. Ratchetting takes place
at all points outside of the elastic shakedown boundary. This type of structural be-
haviour belongs to the second category, category B. For low levels of primary load
the ratchet mechanism is one of local accumulation of plastic strain.

In the following two sections it is shown that these classifications of structural be-
haviour apply equally well in the creep range. For category A structures it is always
possible to use the bound of eqn (7), but for category B structures the bound can only
be used in a small number of instances.
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3. CATEGORY A STRUCTURES

Ponter [6] has shown that in the absence of creep a structure will shakedown if an
arbitrary stress field exists such that

of =0 ®)

in a region Vi of the structure, where Vr is the volume within which

AGGY) = 20, ©)
and
50
Dmax (c;f + A;’") <o, (10)

in the remainder of the structure.
The plastic shakedown boundary is then given by an equation of the form

o, = f(P, o)) an

where f(P, o,) is a function of the primary load P and maximum thermo-elastic stress
o,

For arbitrary values of P and o, an equilibrium stress field is given by eqns (8)-(10)
with o, replaced by oz, where

or = f(P, a.).
If a stress distribution can also be found such that
o =0

in V; = Vg, then

_ngr  AOh) (A0
¢(n+10”+2)_¢<2

in VE, which is the minimum possible value there, and the bound, eqn (7) can be used.
Because of this choice of stress distribution the integral over the volume V7 in eqn (7)
is zero and we need only consider the remaining volume V;. The bound now reduces
to that used in [1], but applied to a reduced volume, V;.

In [1] shakedown solutions were used that assumed a variation of yield stress through
the structure. In many problems this is an unnecessary refinement and the use of a
yield stress that is constant is accurate enough for use in design.

A situation that is typical of category A structures is the plate problem first analysed
by Bree [10]. The loading situation is shown in Fig. 3 along with the thermo-elastic
stress distribution. The resulting shakedown boundaries are shown in Fig. 4. When o,
2 20, the plastic shakedown boundary is given by [6, 10]

oy = V0,0, (12)

The equilibrium stress field at a point on the boundary given by Ponter [6], who allows
cyclic hardening at the outside of the plate, is shown in Fig. 5. The outer edges of the
plate only carry the thermal load whilst the central region also supports the primary
load, o, being the maximum stress it experiences during the cycle.
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Fig. 3. Temperature and thermo-elastic stress distribution for Bree plate.

For any loading situation in the region C'COBB'’ of the Bree diagram an equilibrium
stress field is
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Fig. 4. Bree diagram showing contours of constant reference stress.
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Fig. 5. Equilibrium stress field for a point on the plastic shakedown boundary in Fig. 4. V1 is
the volume of material that experiences cyclic plastic strains.

for

g < | 2z I < g

2 2
where

or = VO,0, (13)
and

a= 20z d

g,

If o7 is selected such that

d(o;7) = Bog

when
2 ~2

and
doi’) = 0

when
Z<lzl<d
2 2

then substitution of the above eqns into the bound, eqn (7), and optimizing w.r.r. B
gives

X =
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and

4 & nf”z \e 26,5} + (1 -\ 9 6 z
7= oon % | _1n xp { vA8, - ) eXplY(Bmin — 60)] ¢ d p

where [ is the length of plate and \ is the portion of the cycle spent at the higher
temperature. The temperature A9, is defined as

AB' = E{ﬁ . AB
g,
_ 40’R

= Ea (15)

Following the procedure used in [1] we define a reference material test conducted at
constant stress og and cyclic temperature history. The temperature being oscillated
between 8 and 8,y,a, Where 8¢ is maintained for a fraction X of the cycle and is defined
as 0g = 0o + xA9,. The resulting mean strain rate in such a test is

ér = 526' ok{\ exp(yxA0,) + (1 — \) exp[y(Bmin — 80)]}.

If we define 8z so that

~|s

= éR
then, from eqns (14)-(16), the reference temperature is given by
Ea Ea 2yoR
= hli—)]|.
o 4yog In [Z‘YO'R sin ( Ea )]

2 .
For small values of —}% this reduces to

1

DY

Iy
Ea ' an

In most practical situations the value of x given by eqn (17) is small and it is sufficient
to let 8z = 8¢, the mean temperature of the plate.

Contours of constant reference stress oz given by eqn (13) are plotted on Fig. 4
along with the results for low levels of thermal loading [1]. For category A type struc-
tures the shape of the oz contours is given by the equation for the plastic shakedown
boundary with o, replaced by ox. The deformation rate of the structure can be related
to the strain rate in a uniaxial test at constant stress, og, and cyclic temperature between
eo and 6,.,;,..

A comparison of the results given here and in [1] with those given by O'Donnell and
Porowski [11] is given in Section 5.

4. CATEGORY B STRUCTURES

Two structural problems that fall into this category of behaviour are shown in Figs.
6 and 8. Ponter [6] has analysed the plastic deformation of these structures in the
absence of creep.

The first situation considered here is that of a temperature front oscillating over a
small portion of tube, Fig. 6. The shakedown boundaries for this problem are shown
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Fig. 6. Thermo-elastic stress distribution in the vicinity of a temperature front that moves along
the tube.

in Fig. 7. Beyond AB the mode of plastic incremental collapse is overall axial extension
of the tube. While beyond CB the tube deforms by a local thinning and extension in
the region of oscillation of the temperature front.

The creep deformation for loading situations in the region A'AOBB’ of the Bree
diagram was analysed in [1]. In the next sub-section we apply the bound of eqn (7) to
the region C'COBB’. The result is a bound on the overall axial deformation rate. Use
of the bound gives no information about the local accumulation of strain in the structure.
It is shown that in design the local accumulation of strain is the most important aspect
of structural behaviour, as it is at low temperature. An estimate of the rate of accu-
mulation of strain in the region of oscillation of the temperature front is given.

In sub-section 4.2, it is shown that the bound cannot be used for the problem of a
plate supporting a normal pressure, Fig. 8, for high levels of thermal loading. This is
not a great drawback since, as in the tube problem, it is the rate of accumulation of
strain in regions that suffer high levels thermal loading that is important in design.
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Fig. 7. Bree diagram for short travel problem showing contours of constant reference stress.
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4.1. Temperature front moving along a tube—short travel problem
Over the region where the temperature front oscillates the range of thermal loading

is

AGY = 20,

Ak = A6% =0
where

EaA®
2

o, =

and the subscripts ¢, R and a denote hoop, radial and axial components respectively.
Outside this region the range of thermal loading is practically zero.

Any annular element of material must transmit the axial stress o,,. So the only stress
that can redistribute is the hoop component and we find that in the region of oscillation
of the temperature front the minimum possible value of ¢ is

d)min = (%0'12; + {ﬁ)”2 (18)
and the resulting residual hoop component of stress is

O

R _ 22
0'¢.—2

this must be balanced by a distribution of hoop stress in the remainder of the tube.
But if the tube is sufficiently long then this additional stress can be safely ignored.

* - l - . - * v .
Selection of o7 = = where o7 is the axial stress resulting from application of the
dummy load, permits the choice

n LA
¢(n+]au+ 2>_¢mm

in V%, where Vi is the volume over which the temperature front moves, and

n AGY
Prmas [n +1 (U; * Tu)] T
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in the remainder of the tube. The bound then becomes

us<

2 (1.an exply(8. — 80)] + luo? +
oo
n-1

Hoo,(G02 + 02) 2 {A + (1 = \) exp[y(8. — 60)I}) (19)

where /. is the length of tube always subjected to the lowest temperature, 0., /, is the
length at the highest temperature, 6, and [, is the length of tube over which the tem-
perature front oscillates. In deriving eqn (19) it was assumed that the temperature front
moves very fast and remains stationary for a time at both extremes of the cycle. \ is
that fraction of the cycle when I, experiences the high temperature.

Unless the tube is short, eqn (19) shows that the overall deformation rate of the tube
is not very sensitive to the presence of the temperature front. For this type of problem
it is not the overall deformation of the structure, but the accumulation of strain locally,
that is limiting in design. For this particular problem the ring of material over which
the temperature front moves must transmit the axial load. Because of this we are able
to calculate the minimum value of ¢, eqn (18), and it follows that the rate of accu-
mulation of effective strain locally is

n-}i

& = f;‘:; (o2 + 02) 7 a,{A + (1 — \) exply(®. — 60} (20)

under rapid cycle loading conditions. This is an unsafe bound but it gives us an idea
of the behaviour of the structure. For large values of o, the local deformation rate is
much greater than the mean rate.

If we define o as

n-1

or = (o} + o) ¥ - o" @n
then
€ = &g
where
€r = &fA + (1 — X) exply(6. — 8o)]} (22)

is the strain rate in a uniaxial test at the constant stress og when the temperature is
cycled between 6, and 8.
Contours of constant reference stress are plotted in Fig. 7 for n = 5.

4.2. Plate supporting a normal pressure
The loading situation for this problem is shown in Fig. 8. Each element of plate must
transmit a shear stress

-
]
I3

assuming that the shear stress is uniformly distributed through the thickness of the
plate, A. As a result the minimum value of ¢ at any point is

_ [ (o) _arf, N\
‘*""‘""{3 (ﬂz) *[’ 3R(’“R)] 4} @
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where

EaA®
3

o, =

Unless V} is very small it is not possible to find a stress distribution such that

AGD
¢ ( LI, 2 U”) equals dmin and also satisfies equilibrium in V}. The bound of

Oy
n+1 2
eqn (7) cannot therefore be used for this problem.

For large values of the ratio o/p we would expect the accumulation of strain in
regions that suffer large variations of thermo-elastic stress to be the most critical feature
of structural behaviour, as opposed to the overall deformation of the plate. When o,/p
is large we can estimate the rate of accumulation of strain at the support in the following
manner:

the outer ring of material must carry a shear stress

DR

T=

2h

and because the stress cannot redistribute in this direction we find that strain accu-
mulates at a rate

€= _\/§é0 §.
- 4

PR\ | o] PR _ _
203 4( h) + ]2 P {N + (1 = ) exp[y(8. — 60)]} (24)

where 9. is the uniform temperature when there is no temperature gradient across the
plate and 9, is the temperature at the outside edge when there is a gradient.
If we define a reference stress, og

_ 3 PR 2 +0—_? Ei-;z_l -\/ij Vin
7R = 4(;1) 4 2h

or in terms of the limit load

2 297=! /37/3pR Vn
or o [ (2B L (a5 (V3R Pk 25)
16 Pl_ R 4 Ty 4 PL R
where
3 A
P;_, = é’ Ty o3
then
€. = €
where €z is given by eqn (22).
1
Contours of constant reference stress are plotted in Fig. 9 for n = § and ;; =10

At the present time we are unable to find expressions for the deformation of the
plate in the region DOB of the Bree diagram. This must await the development of a
more general bound for instances of cyclic straining or the production of exact numerical
results.
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Fig. 9. Bree diagram for simply supported plate showing contours of constant reference stress.

The line OD has been drawn in an arbitrary position in Fig. 9 since the range of
applicability of eqn (25) is unknown at the present time.

5. DISCUSSION

In [1] upper bounds to the deformation rate of structures subjected to low levels of
thermal loading were given. Stress distributions resulting from low temperature shake-
down analyses were used to facilitate the production of these bounds. Here these results
have been extended to high levels of thermal loading through the use of a bound on
the rapid cycle solution that takes into account reversed cyclic strains during a loading
cycle.

Ponter (6] has identified two types of structural behaviour in the absence of creep
effects. It has been shown here that these classifications of structural behaviour apply
equally well when deformation due to creep becomes important. Problems typical of
the different classes have been analysed in Sections 3 and 4.

In Section 3 an upper bound is given for the Bree problem [10] which is typical of
the behaviour of category A type structures. The deformation rate is related to the
strain rate of a uniaxial specimen subjected to a constant reference stress, o, and a
temperature that is cycled between 6, the mean temperature in the plate, and 8yn.
Contours of

predicted by the present analysis and by O’Donnell and Porowski [11] for a non-linear
viscous/perfectly plastic material under rapid cycle conditions are compared in Fig.
10. In their analysis it was assumed that 8., is outside of the creep range and that the
creep properties at the high temperature end of the cycle are independent of temper-
ature. Although O'Donnell and Porowski [11] do not mention a reference temperature
the choice of a temperature that is cycled between 8, and 0,,;, in the reference test is
consistent with their analysis.

From Fig. 10 it can be seen that the present analysis leads to the more conservative
result. The experimental results of Megahed, Ponter and Morrison [3, 4] also vindicate
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Fig. 10. Contours representing g—" = 0.5 for: (i) recovery model: (ii) non-linear viscous/perfectly

v

plastic material model.

the use of the recovery model. If the difference between 6, and 8, is large then we
might expect the results predicted by the recovery model to be over conservative, as
the variation of flow stress with temperature has not been inciuded in the analysis. The
recovery model can be easily ammended to take into account this temperature sensi-
tivity of the flow stress. Cocks and Ponter [12] discuss the application of this modified
model to thermal loading problems. The resulting reference stress lies between the two
results of Fig. 10.

The bound developed here has only limited application for category B type struc-
tures. For this class, however, it is not the overall deformation of the structure, but
the accumulation of strain in parts of the structure that suffer large thermal stresses
that is limiting in design for high levels of thermal loading. Estimates of the rate of
accumulation of strain in these highly stressed regions are given in Section 4. Because
this local deformation is not constrained in the examples considered here (it is through
thickness strain) the ASME design codes [13] classify it as a primary strain. As a result
the total accumulation of strain is limited to 1% and not 5%, as it is for a secondary
strain.
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APPENDIX

Upper bound to rapid cycle solution
Under rapid cycle loading conditions an element of material creeps according to egqns (2) and (3).
If under constant loading conditions an element of material creeps at a rate

oo &0 00 _
eu-qa<b ao_ﬁj; exp y(8 — 8;) dr (Al)

we can write the convexity condition {14, 15}

, n . i ,
ol — P ohéh = P ofed (A2}

where 0% and o/ are any two stress states and € and &/ are the resulting respective strain rates given by eqn
(Al).

Fig. Al(a) shows a structure subjected to a constant primary load, P;, and c¢yclic thermal loading such
that the actual stress state in the structure is

£

ash
<3

Now consider the same structure subjected to a constant load

e

0,‘,":0";’;2

n n . n

i -+ i an i =
ari it dn-&-la“ n+ 1
(o + o) is any stress field in equilibrium with 7 : : (P; + T;), Fig. Al(b). The volume of the structure

where our choice of o} is such

(A3)

{6}

Fig. Al. (a) Structure subjected to constant primary load P; and cyclic variation of temperature.
(b) Stress distributions used in bound.
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will be termed V}. For a von Mises material a consequence of eqn (A3) is that
oj-46% = 0 (Ad)

in this region. .
We will term the remainder of the structure V. These two volumes can now be examined separately.

The volume V;
If o} is identified with the actual stress distribution, o, and o% is set equal to

n
n+1

n_ady
n+1 2

o

g =

the convexity condition, eqn (A2) can be used at each end of the cycle:

n:I i€ - :la‘%b
s;—j_—-—l-%gt"” [n : : (05 + A—;z)]J;I exp y(0 — 0p) dr )
2ot~ s
o [ -2 -

where €} is the strain rate given by eqn (A1) for a stress

AGY
Oy = 0’"" + —=
v ¥ 2
and &} is the resulting strain rate for
Adf
T = 08 - w———
v v 2

If the first of eqns (AS) is multiplied by m and the second by (I — ), where n is that fraction of € that

contributes to the overall strain rate of the element of material, we find after combining the two equations
that

, 1 & n A(‘IQ-)
X o) € e ) e + Aoy —
(o — oflé; < n+ 10k {ﬂ¢ [n T 1 (Uu + 2 ] + (1 = n)¢

LI U ' -
x[n+l(cu 2)]}~Lexpy(ﬂ o) dr

gy [ (g 0] [ e
$n+ 1084':»; [ﬂ'l"l a; = 2 J;CXP'Y(G 8o} dr (A6)

n+ 1

where

& = n&) + (1 — e}

is the overall strain rate of the element of material, see eqn (3), and Gmax [ﬁf (oF + A&;’,-IZ)] is the maximum

n
n+1

n
n+1

value of ¢[ (of + A&,';/z)] and 4.[ (o) ~ Aa,.,/z)].
The volume V}
Application of the convexity condition to each end of the cycle using the stress states

af = oy
and
n A&}
of = oy —
L 2
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leads 1o the resuit

, n Aal . 1
T 0 - o < +l'§*¢" '( +t";+'€—v)'¢z< ; ““)Lm“&"e")d’

n+ |
! wor (e, A9F ECAY YA )
*,,,HU..[& ("+]m-1+ ) ¢mn(5i 2)}:1)(2) J;cxpy(ﬁ 6) dr. (A7)

The stress dunudct = A4542) is not known, but if we select ¢} such that xb(n 2

" t"; + A&%:z) has the

minimum possible value in V} we may write

" * o gP)i. ] & pon A“ﬂ‘) z( ) ! —
P 2 el (M—:“ A e L"‘Mw Bl dr  (AB)

Integration of eqn (A6) over the volume V; and of eqn (A8) over the volume V7 and application of the
principle of virtual work leads to the result of eqn (7).




